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Abstract. In this paper, we derive a gradient estimate for the hnear com- 
binations of eigenforms of the Hodge Laplacian on a closed manifold. The 
estimate is given in terms of the dimension, volume, diameter and curvature 
bound of the manifold. As an application, we obtain directly a sharp estimate 
for the heat kernel of the Hodge Laplacian. 

1. Introduction 

I 

Let (M"' , g) be a compact oriented Riemannian manifold without boundary. 
The Hodge Laplacian A : Ap{AI) Ap{M), acting on the space of smooth p- forms 
AP{M) on M, is defined by 

A = -d5- Sd. 

Here, as usual, d is the exterior differential operator and 6 the adjoint of d with 
respect to the inner product on Ap{M). We denote the eigenvalues of A by 
{0 < Ai < . . . Afc < . . . } with a corresponding orthonormal basis of eigenforms 
We have the following estimate concerning the eigenforms. 

Theorem 1.1. Let (M^^g) be a closed manifold with curvature bound \Rm\ < K. 
Then for any bi £R with X]i=i ^1^1? form oj — X^iLi ^i'Pi satisfies the estimate 

|VL.|2 + (Afe + l)|c.|2<c(Afe + l)t+l, 

where c = c(n, d, K) is an explicit constant depending on the dimension n, volume 
y, diameter d and the curvature bound K. 

We would like to emphasize that the estimate is valid for all finite linear combi- 
nations of the eigenforms, and it does not involve any covariant derivatives of the 
curvature tensor. Also, the exponent ^ + 1 in Afc is sharp. This sharp exponent in 
turn leads to another one in k for the lower bound of the eigenvalue A^ > ck^~ for 
all k > bp, the Betti number of the p— th cohomology of AI. 

Our estimates can then be applied to analyze the heat kernel of A. Combining 
with a result of Rumin one has the following Sobolev inequality for p— forms. 

Theorem 1.2. For an explicit constant c = c{n,V,d, K), 

(I^Jc-PHi^) " <cJj\dco\' + M^} 

for all smooth p^form uj on M, where P{uj) denotes the projection of tu on to the 
space of harmonic p^ forms. 
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Another consequence is the following Hessian estimate for the eigenfunctions on 

M. 

Corollary 1.3. Let (M"',g) be a closed manifold with curvature bound \Rm\ < 
K. Let 01 , 02 , • ■ ■ 1 0/c orthonormal eigenfunctions of the scalar Laplacian with 
corresponding eigenvalues < Ai < A2 < • • • < A^. Then there exists a constant 
c{K, d, V, n) such that 

\Vdf\<cX^, 
where f Y.i=i 4>i and Ya^^ &| = 1- 

Let us point out that the analysis of the Laplacian on a compact manifold is 
a classical subject. Numerous contributions have been made by various authors. 
While the results here are mostly known, we do hope our seemingly more direct 
treatment is of certain expository value. 

As well-known, the gradient estimate method was successfully employed by Yau 
[llj to study harmonic functions on complete manifolds. The method was further 
developed by Li [S], and Li and Yau [7] to study eigenfunctions and eigenvalues. In 
particular, they have obtained a lower bound for the first non-zero eigenvalue of the 
scalar Laplacian in terms of the lower bound of Ricci curvature and the diameter 
of the manifold. 

Our current work is very much motivated by and follows the ideas in a famous 
paper of Li |^ , where he has obtained a lower bounds for higher eigenvalues of the 
Hodge Laplacian. This is achieved through an estimate of the linear combinations 
of the eigenforms. The estimate involves the curvature operator lower bound and 
the Sobolev constant of the manifold, but not the curvature upper bound. However, 
the estimate there seems insufficient to provide a sharp exponent for the eigenvalue 
lower bounds alluded above. We would also like to point out that both E. Aubry's 
PhD thesis and the paper [T] by W. Ballmann, J. Briining and G. Carron have 
already developed a gradient estimate for individual eigenforms. 

The case of scalar Laplacian deserves special attention as it is of more common 
concern. So we will treat it separately in section 2. The result is a bit stronger in 
the sense it only involves the Ricci curvature lower bound in all the estimates. The 
approach is also more straightforward as it only relies on a direct application of the 
maximum principle. 

The case of general Hodge Laplacian is handled in section 3. The proof now 
involves an iteration scheme as in [6j. 

Finally, we mention that the results here can be extended to the case of compact 
manifolds with boundary. For the ease of exposition, we omit the details here. 

Acknowledgements. We would like to thank Gilles Carron for his insightful 
comments which lead to various improvement to the paper. Part of the paper was 
written while the second author was visiting the School of Mathematics at the 
University of Minnesota. He deeply appreciates its hospitality. He would also like 
to thank Gang Liu for his helpful comments. 

2. Analysis of scalar Laplacian 

In this section, we will derive a variant version of the well-known gradient esti- 
mates of Li-Yau[7] concerning the eigenfunctions. As an application, we give direct 
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proofs to some well-known results including a lower bound of the high eigenvalue, 
the existence of heat kernel and its long time decay estimate. 

Let (M",(7) be a closed Riemannian manifold with diameter d, volume V, and 
Ricci curvature lower bound — (n — 1)K, where X > is a constant. Denote 
the eigenvalues of the Laplacian A by = Aq < Ai < • • • < Xk < • • • with the 
corresponding eigenfunction 0^, i = 0, 1, 2, • • • , satisfying 

A(/)j -Aj0j, / (f>i = Sij. 

J M 

For a given constant c, consider the function 

Q{x) = |V0|2 + c02, 

where (j) = X]i=i ^j'/'i with hi £ M. and ~ 1- Obviously, the maximum 

value of Q{x) over M is a function of 6i, • • • , 6^. This function in turn achieves its 
maximum at some point ai, • • • , a^. Let u — X^iLi Q^i^i- 

Lemma 2.1. 

maxM , 

where A — + (ji — 1)K . 
Proof. Define 

k 

F(6i,...,6fe,a;,A) = Q(x)-A(^6,?-l). 

1=1 

Then, subject to the constraint X^iLi — P achieves its maximum value at 
some point (ai, • • • ,ak,XQ,a). We now show 

|Vup(a;o) + cu'^{xo) < c maxw^ 

AI 

for c> Afc + (n - 1)K. 

At the point (ai, • • • , Ofc, xq, a), F satisfies 



VF{ai, ■ ■ ■ ,ak,xo,a) = 

(2.1) ^ §f=0 

Eti«f = 1- 
From the third equation of (|2.ip . we have 

k 

Y,{^aj{\/(f>i,V(f>j) + 2caj{(j)„ (j),)) - 2aa, = 0. 
i=i 

After multiplying by Oi and summing over z, one sees that 
a = (5(m, a;o) = |Vup(a::o) + cu^(a;o). 

Suppose now that 

|Vu|^(xo) + CM^(a;o) > c ^nax u^. 

Then 

VM(a;o) ^ 
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and one can choose an orthonormal frame {ei, . . . , Cn} at xo so that 

Vu(a;o) = ui(a;o)ei. 
Now the first equation of (|2.ip . VF(ai, . . . , ak,xo, a) = 0, becomes 

2uiUii + 2cuui = 
for i = 1, . . . ,n. This in particular implies 

(2.2) |VVup > = c^w^ 

On the other hand, at the maximum point (oi, • • • , Ofc, xq, a), 

AF{ai,...,ak,xo,a) < 

or 

(2.3) A|Vu|2 + cAm2 < 0. 
By the Bochner formula, it becomes 

I VVwp + (VAm, Vu) + {Ric{Vu, Vu)) + cuAu + c|Vup < 0. 

In view of p.2p and the lower bound of Ricci curvature, the above inequality reduces 
to 

c^u^ + (VAu, Vu) - (n - l)ii:|Vu|^ + cuAu + c|Vup < 0. 

Note that 

k 

Au — — Xi tti 

Therefore, 



> + (c — (n — l)iir)| Vup — Ai fli flj (V0i, V0j) — c Xj aj aj (pj , 0j 

fe 

> + (c - (n - l)if)|Vu|2 - XI '^^^ ^[a,{Vcj),,Vcj)j) +ca, cj), (j),) 

i=\ j=\ 

k 

> c^u^ + {c~{n~l)K)\S/u\^~^aXi 



2=1 

„2 „,2 



> c-'u^ + {c-{n-l)K)\Vu\'' -aXk 

> + (c - (n - l)if)|Vup - Xk (|Vup + cu^) 

> c{c-Xk)u^ + ic-in-l)K-Xk)\\7u\^ 

This is an obvious contradiction if c > (n — l)K + Xk- In other words, 

|VmP(xo) + cu^(xo) < c max 

Af 

for all c > (n— l)_ft'+Afe. The lemma follows by letting c approach Xk + {n — l)K. □ 
As a consequence, we obtain a quick proof to the following well-known facts. 
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Theorem 2.2. There exists a constant c{K,d,V,n) such that 
(1) 

In particular, 

|V0fc|<cA^, |0fc|<cA|. 

(2) For all fc > 1, 



(3) The function H{x,y,t) given by 



Xk > c fc" . 



Hix,y,t) = 1 +^e-^''*0fc(x) 
is a heat kernel of M. Moreover, 



\H{x,y,t)-^\<ct-^ 



for all t > 0. 

(4) The following Sobolev inequality holds. 



I/I^ <c / |V/|^ 

'M / Jm 

for all smooth function f on M with Jj^^ / = 0. 

Proof. (1) Let u be the function considered in the preceding lemma. Then we need 
only to prove the estimate for u. Choose point p such that 

u^ip) = max . 

M 

For r > and x e B„( , ^ ), using lemma [2Tl we conclude 

v?{p)-u^{x) < max2\u\{y)\Vu\{y)d{x,p) 

yeM 



< 2 u\p) ^Xk + in-l)K ■ 



< 2ru^(p). 

Therefore, 



u^{x) > (1 - 2r) v?{p) 
li to 



on Bp{ I ^ )■ Integrating with respect to x over the ball yields 

\J Afc+(n— l)_ftr 



1 = \\u\\Um) > (1 - 2r) u\p) '^^11^^"^'' VM- 
Choose r such that 

r 

4r < 1 and , < d. 

Then by the Bishop volume comparison theorem we have 
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1 > (l-2r)M^(p) 



2,^ c{K,d,V,n) 



(Afe + (n-l)if)2 
In other words, 

v^{x) < u^{p) < c{K,d,V,n) a|, 

where we have used the fact that Afe > Ai > c by [7J. Using lemma [2J] again, we 
also conclude 

\VuWx) < (Afe + (n - 1)K) u^{p) < ciK, d, V, n) \^ . 

(2) For each x € M, there exists an orthogonal matrix {aij)kxk such that 

Vtl^jix) = 

for j = n + 1, • • • ,k, where ipj = aij <Pi- 

From (1), it follows that 

k n 
z=l j=l 

< n max | V^/^j ^ 

3 

n + 2 

< ciA,= . 

Integrating the inequality with respect to x, we conclude 

Ai+A2 + --- + Afc <C2A^. 
By an elementary induction argument, the inequality implies 

Afe > C3 A:^/" 

for all k>l, where Cg = min{Ai, ij;:^)^}- 

(3) In view of (1) and (2), it is straightforward to check the infinite series 

_j oo 

k=l 

converges uniformly in the sense for x,y Q M and t > c for any c > 0. It is then 
easy to verify the limit is a heat kernel of M. 
Since 

k~ < Xk < ck~ , 

one sees by (1) that 

\H{x,y,t)--\ < 5]e-^^*|</.fe|(x)|0fe|(y) 



V 



k=l 
fc=l 
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(4) follows from (3) by a result of Varopoulos [10]. □ 

We remark that both (2) and (3) were first proved by Cheng and Li (31 using the 
Sobolev inequality. Historically, the Sobolev inequality on manifolds was derived 
from the isoperimetric inequalities, which were established by Yau |12j and Croke 



3. Gradient estimate for eigenforms 

Using the well-known Bochner-Weitzenbock formula, one can directly apply the 
proof in the previous section to the Hodge Laplacian acting on the smooth p— forms 
on M. However, the resulting estimates depend also on the bounds of the covariant 
derivative of the curvature tensor of M. It turns out this dependency is superfiuous 
by adopting a different argument as demonstrated by E. Aubry in his PhD thesis 
and also by W. Ballmann, J. Briining and G. Carron in [1 . In the following, we 
present a slightly refined version of their argument to suit our purpose. 

We will use the moving frame notations. So for a p— form lu on M, under an 
orthonormal coframe {uji, • ■ ■ ,Wn}, uj = ai-^...i uji A • • • A oji^. 

The Bochner-Weitzenbock formula says 

Aw = Abw - E{uj), 

where 

A_BW = Qi^.-.^^jjUj^^ A • • • A 
is the Bochner Laplacian and 

E{uj) = Rkpipj^i^ ah...kp...ip LOi^ A ■ ■ ■ Aujj^ A ■ ■ ■ A uj.,^ 
with Rijki being the curvature tensor of M. Now, 

Ab(Vw) = ai^,,,i^,ijjUJi^ A ■ ■ ■ A (g) oJi 

and 

VAw = ai^,,,i^^jjiUJi^ A • • • A (g) - V(i?(a;)). 

Hence 

Ab(Vw) — VAw — aj^ijjUJj ® LOi — ajjjiUjj (g Ui + V(i?((u;)). 
By the Ricci identity, we have 

and 

Thus we have the commutation formula 

(3.1) AB(Va;)-VAw = Rua^^,„i^^i uji^ A ■ ■ ■ A uj.^^ ^ Ui 

+ Rjaic,ij'^il---jc---ip,j ^ip A • • • A UJi-^ ® U>i 
+ {Rja,icij aii...jc---ip) ,j A • • • A (gjWj 

+ V(£;(u;)). 
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Finally, we conclude 

(3.2) (AB(Va;) - VAw, Vw) = Riiai^...i^,iai,...ip,i 

~^ ^ja'i-a'i'j ^il-- -ja ■ ■ -tp ,j ■ ■ -ia ■ ■ -ip ,1 

+ {W{E{uj)),Wu) 

Note that these formulas and the following lemma have more or less been derived 
by Le Couturier and G. Robert in [4 . 

We now consider the function / — | Vwp+A where A> 1 is a fixed constant. 

Lemma 3.1. Let {M",g) be a closed Riemannian manifold with curvature operator 
\Rm\ < K. Then for k> 1, 



M JM JM 

where c = 2nK{K + 2) + 18 K"^. 
Proof. Direct calculation gives 
(3.3) A/ = A(|Vcj|2+A 



Therefore, 



= 2(Ab(Vw), Vw) + 2|VVwp 

+ 2yl|Vw|^ +2A(Abw,w) 

= 2(VAa;, Vw) + 2A(Alj,lj) 

+ 2|VVcjp + 2A|Va;p + 2A(i;(a;),a;) 

+ 2 (Ab(Vw) - VAw, Vw). 



(3.4) / r-^A/ = 2 / ((VAl.,Vc^)+A(Aw,w))/^ 

JM JM 



+ 2 / (|VVc^p + A|Vc^|2) f^- 

JM 

+ 2A [ {E{uj),uj) f''-' 

JM 

+ 2 / (AB(Va;) - VAw, Vw) / 

JM 



Since \Rm\ < K, 



(3.5) 



2A [ {E{uj),uj) f'^-' > -2K [ f\ 

JM JM 
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Using p.2|) . we have 

(3.6) 2 [ {Ab{Vuj) -yAuj,Vuj) f-^ 



'M 

— 2 Riiai^...ij,,iO'i^...ij,,i f^~^ 

JM 



JM '■' 
k-1 



+ 2 / (v(i?H),v^)r 

JM 

The first and second term of (13.61) obviously satisfy 



(3.7) 2/ Rua,,...,^^m,...,^,,f''-^ >-2{n-l)K [ J^' 

Jm jm 



and 

(3.8) 2 / -RJ„^„.Ja^l...,„....„,a^l...,„...^„^/'=-^ > -2i^ / |Vc^|V''"' 
JM JM 

> -2K f f 

JM 

For the third term of p.6p . after integration by parts, we have 

JM 

^ / Rjaiaij ^ii ■■■ja ■ ■ -ip^ii ■■■ia ■■■ip-ij f 
JM 



JM 

> -2K I \uj\ |VVa;|/'=-i 

J M 

- 2{k~l)K [ /'^-^ |V/| 

JM 

J M ^ JM 

JM ^ JM 



'M ^ JM 

where we have used the fact that 

\0j\\VLu\<f 

and 

(3.10) |V/| < 2\Vuj\\WVu\+2A\ij\\Vu\ 



< 4kK{\Ww\^ + A |c^n + JL(|vVl^P + A iVwp). 

4fe K 
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Applying integration of parts to the last term of p.6p . we get 



(3.11) 2 / (V(i?H),Vc^)/ 

I M 



k-1 



> -2 / {E{u),^BUj)f'''^ 

J M 

- 2(fc-i) / |ii;H||v..|/^-2|v/| 

JM 



Jm 

- 2{k~l)K [ |c.| |Vc.| /'^-^ |V/| 



IM 

Jm ^ JM 

- 8k'K^ f f'-l f (iVVc.p + AlVc.n/'^-i, 
Jm ^ Jm 



IM ^ JM 

where we have used (|3.10p in the last step. 

Putting dSJl), dsn, dSH) and ((3TT1) into dUl), we conclude 



(3.12) 2 / (Ab(Vw) - VAw,Va;)/''"^ 

J M 

> - {2nK{K + 1) + 18k'^ K^) [ f 

JM 

- 2 f (|VVw|2+A|Vwn/'=-i. 
Jm 

Plugging and ([5TT^ into (pii]) . we arrived at 



/ f-'Af > 2 [ i{VAuj,Vu:)+A{Au;,u;)) f 
Jm Jm 

{2nK{K + 2) + 18k^ K^) ( f 

JM 



ffe-1 

iM Jm 

Im 

The lemma is proved. □ 



We now prove a gradient estimate concerning the linear combinations of eigen- 
forms. 

Theorem 3.2. Let {M",g) he a closed manifold with curvature bound \Rm\ < K. 
Let 01 , 02 , • • ■ ,0; be orthonormal eigenforms of the Hodge Laplacian A acting on 
the p— forms with corresponding eigenvalues < Ai < A2 < • • • < A;. Then for any 
bi gM. with X]!=i ^ form uj = ^i't'i satisfies the estimate 

\Vuj\^ + A\u;\^ < c{\i + K + 

where A = Xi + K + I, and c ~ c(n, V, d, K) is a constant. 

Proof. For each fc > 1, let 

Ik = max / 
Jm 
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where / = |Vajp + A and the maximum is taken over all oj — X]i=i with 
h e M and Y.L^ bf < 1. 

Note that for uj = X]i=i biipi with X]i=i < 1, 

Auj = - ^ bi = -A; ^ ai(j)i, 

1=1 i=l 

where at — \i X^^ bi, i ^ 1^ ■ ■ ■ ,1. Obviously, 

1=1 

So if we denote 77 = X]i=i '^i "^ii then 

((VAw,Va;) + A(Aa;,a;))/2'=-i 

> - / (|VAcj|2 + ^|Aa;|2)5 /2fe-^ 

1 4fc-l 

> -A, d^^dVryp + ^lrypf'^)" /^'^^ 

> -Xih. 

Combining with lemma I3TT1 we have the estimate 
(3.13) / f'-^Af>-{2Xi + c,k^)h, 

J M 



M 



where ci = SnK{K + 2) + 72 K^. 
On the other hand 



(3.14) / /2'=-iA/ = -^ / iV/'^p. 

Applying the Sobolev inequality 



IM / \JM JM 

where /? — to u — J*^, we get 



(3.15) ( f f''^)' <C, ( f \Vf'\'+ f 

Combining (f3J3l) . ((3?T4|) and (fXTSj) . we get 



j2k 

M 



M J 

Since this is true for all w, we may maximize the left hand side over w and conclude 
(//3fc)^ < (C,fc(A,+cifc2))i 

for all fc > 1. 
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Let k = (3'', i — 0,1,2, - ■ ■ and iterate the preceding inequality. Then, 

7, — ^no 



4=0 



< C2(A/ + l)*/i, 

where C2 = C2{n,d,V, K) is a constant. In other words, 



max max (|Vcjp + A |a;p)^ (x) 



< C2(A/ + 1)2 max / (iVt^r + A 



2\2 



Hence 



< C2 (A/ + 1)5 max max (|Vi:jP + yllwp) (a;) max / (|VwP+A|a;|' 

uj x&M ' u Jj^.j 

Vwp + A Iwp) (x) < C2 (Ai + 1)^ max / (|Va;|2 + A \u;f). 

Jm 



max max 



However, 



Therefore, 



M 

^ - f {Alu,lj)- f {EiLu),Lu)+c f \lu\^ 

Jm Jm Jm 

< Xi+K + A. 



max max (iVwp + A \ujn (x) < C2 (A; + 1) ^ (A; + K + A). 

uj anGM 



The theorem is proved. □ 

As in section 2, we can draw the fohowing conclusions from theorem 13.21 

Theorem 3.3. Let {M''^,g) be a closed manifold with curvature bound \Rm\ < K. 
Let < Ai < A2 < • • • < Afc < • • • be all the eigenvalues of the Hodge Laplacian 
A acting on the p— forms, and 0i , ^2 , • ' ' j 0fe i ■ ' ' corresponding orthonormal 
eigenforms. Then there exists a constant c{K, d, V, n) such that 

(1) \V4>k\ <c{Xk + l)^ and\(pk\ <c(Afe + l)t. 

(2) For all k > bp, the Betti number of the p—th cohomology of M, 

Xk > c fc" . 

(3) The tensor Hp{x,y,t) given by 

00 

Hp{x,y,t) =^e~-^^Vfc(a;)«)</)fc(y) 
fc=i 

is a heat kernel of A. Moreover, 

Hp) 

\Hp{x,y,t) ~^4)k{x) d) 4>k{y)\ <ct~''s 

for all t > 0. 

(4) The following Sobolev inequality holds. 
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( f \UJ-P{0J)\^) " <C [ {\dL0\' + \5L0\^} 
\Jm / JM 

for all smooth p—form uj on M, where P{uj) denotes the projection of lj on to the 
space of harmonic p— forms. 

Proof. (1) is obvious by theorem 13.21 Using theorem 13.21 (2) foUows as in the 
proof of (2) in theorem 12. 2[ where we now use a result of T. Mantuano [S] that 
Afc +1 > c(n, y, d, if). For (3), the proof is the same as (3) in theorem 12.21 Finally, 
(4) follows from (3) by Theorem 1.2 in [9,. □ 

We also have the following corollary concerning the eigenfunctions. 

Corollary 3.4. Let [Al^^g) he a closed manifold with curvature hound \Rni\ < 
K. Let '/>i , '/>2 , • ■ ■ J 0A: ^6 orthonormal eigenfunctions of the scalar Laplacian with 
corresponding eigenvalues < Ai < A2 < • • • < Aj.. Then there exists a constant 
c{K, d, V, n) such that 

\Vd(f,\ < cA^, 
where (f> = Y.t=i 4>i and Yh^i ^1 = 1- 

Proof. Note that d(t)i is an eigenform for the Hodge Laplacian acting on the one 
forms. Now the corollary follows by applying theorem 13.21 to the one form setting 
with d(f)i normalized to have unit length in the sense. □ 

As a final remark, it is possible to make explicit of all the constants in our 
arguments. In particular, we could spell out their dependency on the geometric 
quantities d, V and K. 
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